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Abstract 
The realistic modeling of STT-MRAM for the simulations of hybrid CMOS/Spintronics devices in 
comprehensive simulation environments require a full description of stochastic switching processes 
in state of the art STT-MRAM. Here, we derive an analytical formulation that takes into account the 
spin-torque asymmetry of the spin polarization function of magnetic tunnel junctions studying. We 
studied its validity range by comparing the analytical formulas with results achieved numerically 
within a full micromagnetic framework. We also find that a reasonable fit of the probability density 
function (PDF) of the switching time is given by a Pearson Type IV PDF. The main results of this 
work underlines the need of data-driven design of STT-MRAM that uses a full micromagnetic 
simulation framework for the statistical proprieties PDF of switching processes.  
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I. INTRODUCTION 
The magnetization switching driven by spin-transfer torque (STT) [1,2,3,4] and spin-hall effect 
(SHE) [5,6,7,8,9,10] is the fundamental dynamics to design magnetic memory and spin-logic 
devices. Particularly, STT-driven magnetization is at the basis of emerging storage technology, i.e. 
STT-MRAMs [11,12], that are very attractive for their performances in terms of energy utilization, 
scalability and integration with complementary metal-oxide semiconductor (CMOS) process and 
technology [13]. The achievement of ultralow power consumption and storage scalability beyond 
CMOS is related to the advances in terms of materials and geometries. For instance, the use of 
materials with perpendicular magnetic anisotropy (PMA) permits to reach low critical current 
density (of the order of 106A/cm2) and high thermal stability at the same time [14,15]. On the other 
hand, the realization of a reliable hybrid CMOS/Spintronics simulation environment is a key issue 
to address in order to obtain high performance of STT-MRAM [16,17]. Considering that STT-
MRAM is going to be a mainstream of the storage industry, the implementation of a correct STT-
MRAM model [18,19,20,21] becomes a central issue to simulate the behavior of hybrid devices 
combining CMOS technology and STT-MRAM. In particular, it is crucial for the design of writing 
and reading processes. The standard approach to model STT-MRAM is based on macrospin 
approximation [22,23,24,25], i.e. it is assumed that all the spins oscillate coherently during the 
switching process of the MTJ free layer and therefore a single domain is sufficient to describe the 
time evolution of the magnetization. However, since during STT-driven switching processes 
spatially non-uniform magnetization distribution can occur [26,27,28,29], the macrospin approach 
could become less accurate in describing the stochastic switching behavior of STT-MRAMs.  
In this work, the stochastic switching in a perpendicular magnetic tunnel junction (MTJ) is studied 
by means of both a full micromagnetic model and an analytical formula derived from the macrospin 
approximation that, for the first time, takes into account the magnetization dependence of the STT 
efficiency. In order to achieve the analytical solution, in addition to the (i) macrospin 
approximation, the following hypotheses are necessary: (ii) in the absence of excitation, the energy 
barrier separating the equilibria is much higher than the thermal energy; (iii) the injected current is 
above the critical switching current of the device. We evaluate each of those hypotheses within the 
full micromagnetic model and highlight the main differences and limits in considering macrospin 
approach. We consider 1000 realizations that are sufficient to accurately model the basic 
mechanisms for switching to get the baseline switching probabilities for a given MRAM 
stack/geometry. These probabilities to first order allow to understand distributions and that is very 
significant and could be useful in future improvements. 
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A further important result is that, while Zhao et al. [19] found that an asymmetric probability 
density function (PDF) of the switching time is well-reproduced by skew normal distribution, here 
we show that, in order to achieve a cumulative quadratic error at least one order of magnitude lower 
than the skew normal distribution, the PDF should follow a Pearson Type IV function. 
The paper is organized as follow. Section II discusses the details of the micromagnetic framework 
and the mathematical formulation of the Pearson Type IV PDF. The description of the results and 
discussion are presented in Sections III and IV while conclusions are summarized in Section IV. 
 
II. MICROMAGNETIC FRAMEWORK 
(a) Device and full micromagnetic model 
We study a state of the art MTJ with a CoFeB(1 nm) Free Layer (FL) and a circular cross section 
(diameter of 30 nm) within a full micromagnetic framework [30,31,32]. The Landau-Lifshitz-
Gilbert-Slonczewski (LLGS) equation in dimensionless form can be written as [33]: 
1 pc
α β
τ τ
 ∂ ∂ ×
= − × − − + ∂ ∂ + ⋅  
P
eff th
P
m m m mm h hm m      (1) 
where α  is the Gilbert damping, m and Pm  are the normalized magnetization of the FL and pinned 
layer respectively. 0 sM tτ γ=  is the dimensionless time, with 5 -10 2.21x10  m(As)γ =  being the 
absolute value of the gyromagnetic ratio, and Ms the saturation magnetization. heff is the normalized 
effective field that includes the exchange, magnetostatic, anisotropy and external fields, and the 
Oersted field due to the current. thh  is the thermal field given by ( )202 /B Sk T M Vα μ ν= =thh χ χ , 
where kB is the Boltzmann constant, µ0 is the vacuum permeability, V is the volume of the free 
layer, T is the temperature of the sample and χ  is a three-dimensional isotropic white Gaussian 
noise uncorrelated in space and time [34,35,36]. The intensity 20(2 ) / ( )B sK T M Vν α μ=  of the thermal 
fluctuations is obtained from the fluctuation-dissipation theorem [33,37,38] and does not depend on 
the numerical discretization of Eq. (1) [36]. β  is the normalized injected current density given by 
B
2
0 S
2 MTJ
FL
g J
e M t
η μ
γ
 [39,40] where g is the Landè factor, Bμ  is the Bohr magneton, e is the electron 
charge, tFL is the thickness of the FL and η  is the spin-polarization factor [39], 2pc η=  defines the 
spin-torque asymmetry. JMTJ is the current density flowing perpendicularly through the whole FL 
cross section. The parameters used in this study are: MS=1000 kA/m [14], exchange constant A=20 
pJ/m [41], perpendicular anisotropy constant ku=0.80 MJ/m3, and α =0.03 [14]. We consider a 
synthetic antiferromagnetic polarizer with a reference magnetization pointing along the positive 
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out-of-plane direction p z=m m  and a negligible dipolar coupling. No external field is considered in 
our study. For the micromagnetic numerical solution of Eq. (1), the magnetic system is discretized 
into a mesh of cubic cells of 1nm × 1nm × 1nm. 
 
(b) Analytical solution for the probability density function 
In order to derive an analytical formulation for the probability density function (PDF) of switching 
times, we assume three main hypotheses. (i) The magnetization is spatially-uniform during the 
dynamics, so that the magnetic particle can be described within a macrospin approximation. Under 
this assumption, the effective field is given by: 
2 2 21 1 1, ( , ) 2 2 2
L
L a x x y y z z
g g D m D m D m∂= − = + +
∂eff
h m hm    (2) 
where Dx, Dy, Dz, are effective anisotropy factors [42]. 
(ii) In the absence of excitation, the energy barrier separating the equilibria is much higher than the 
thermal energy. This hypothesis is suitable at large enough perpendicular anisotropy and it is valid 
for the parameters used in this work. (iii) The injected current is above the critical switching current 
of the device. In this situation, the switching time can be evaluated considering the deterministic 
magnetization motion acting on a random initial magnetization distribution due to thermal 
fluctuations [43,44]. In the absence of current, the magnetization is distributed according to the 
stationary solution of the Fokker-Planck equation [38,42], which, in terms of small tilting angle θ 
(sinθ ≈ θ) with respect to the symmetry out-of-plane axis, can be expressed in the limit of the 
hypothesis (ii) as: 
2exp 2
eff
eq eff
k
p kμ θ μ θ = −  
                         (3) 
where 0.412eff zk D D⊥= − =  and 2
2αμ
ν
= . Here, we consider 0.0464x yD D D⊥ = = =  (as 
computed micromagnetically) and 0.366zD = −  being the device with a circular cross section and 
asymmetric spin-torque (cp=0.662=0.436) [45,46]. By neglecting thermal fluctuations in Eq. (1), 
namely setting 0ν = , it is possible to show that the threshold switching current is (detailed 
derivation will be presented elsewhere): 
( )( )
( )( )
1
1
P AP
crit p eff
AP P
crit p eff
c k
c k
β α
β α
→
→
= +
= − −
     (4) 
For the magnetization switching from parallel to anti-parallel state (P→AP) and vice versa 
(AP→P), the switching times ts,PAP / ts,APP are considered as the time interval between the 
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application of the current (the initial z-component of the magnetization is 0zm ) and the time instant 
where the z-component of the magnetization is equal to zfm =-0.9 / 0.9 (<mz>=-0.9 / 0.9 in the case 
of full micromagnetic simulations). For P→AP switching, when P APcritβ β →>  the deterministic 
ts,PAP is given by: 
, 0 0
1 ( , 0.9) ( )s P AP z zf zt G m m g mα→ = = − =  .   (5) 
where the function 0( , )z zfG m m  is the (dimensionless) time required for magnetization to reach 
z zfm m=  starting from the initial state 0z zm m= . The function 0( )zg m  in Eq. (5) can be represented 
in closed form by integrating Eq. (1) within the hypotheses (i), (ii) and (iii) by using the separation 
of variables and standard integrals (the calculations are a bit lengthy but straightforward). The result 
is: 
( )
( )
( )( )
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1 1 1ln ln 1 111
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eff p p eff p p
c C k c C C k
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k C C k C C C k C c k
C k c C c k C k C k c
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α
− −
→
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 
− + −
+ + 
+ −−  
= −
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( )( ) ( )
1
0
1
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              
= 
− + − − + 
 
 (6) 
where the following quantities have been defined for sake of compactness: 
2
1
0
2
1
3
1
2
4
2
5 0 0
4 2
2arctan
2arctan
ln
ln
p eff az p eff eff
eff eff p z
eff eff p zf
eff zf eff zf p
eff z eff z p
C c k h c k k
k k c m
C h
C
k k c m
C h
C
C k m k m c
C k m k m c
βξ α
ξ
ξ
ξ
=
= − +
+ 
=   
+ 
=   
= + −
= + −
    (7) 
By combining Eqs. (5)-(7) with Eq. (3), the PDF ,st P APf →  and cumulative distribution function 
(CDF) ,st P APF →  for the stochastic switching time ts,PAP can be calculated by the following 
expressions. In this respect, the former is given by: 
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( )
( ) ( )
2 1
, , ,
1 21 1 1
, , ,
( ) exp arccos ( )2
( ) / 1 ( ) 1 ( )
s
eff
t P AP s P AP eff s P AP
eff s P AP p s P AP s P AP
k
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k g t c g t g t
μ μ
α β α
−
→ → →
−
− − −
→ → →
 
= − ⋅  
   
− + −      
 , 
 (8) 
and the latter is: 
( )2 1, , ,( ) exp arccos ( )2s efft P AP s P AP s P AP
k
F t g tμ −→ → →
 
= −  
  (9) 
In Eqs. (8)-(9), the function 1 s( )g t−  cannot be written in closed form, but nevertheless can be 
efficiently obtained by numerical inversion of the strictly monotone function 0( )zg m  expressed by 
Eqs. (6)-(7). In the above expression the switching mechanism from parallel to anti-parallel state, 
P→AP, is considered. Similar equations can be derived for AP→P switching. We remark that the 
above formulation extends the analytical theory [43, 44] to devices with asymmetric spin-torque 
such as MTJs. 
 
(c) Statistical description of the micromagnetic simulations at T=300K 
The switching process of the magnetization is strongly nonlinear, thus the PDF of the st  is expected 
to be non-Gaussian. While in Ref. [19], the skew normal distribution was used to describe the 
asymmetry of the PDF of st , here we show that the kurtosis is necessary to fit the micromagnetic 
PDFs of st . Among the Pearson distribution function types (I–XII) [47,48,49], we find that the 
Pearson Type IV (p4PDF) [50,51,52] (an asymmetric version of the Student’s t distribution [53]) is 
the best option for our framework. By considering the first four standardized moments mean μ, 
standard deviation (STD) σ, skewness γ and kurtosis β2, the p4PDF can be written as: 
 ( ) ( )
2
1
2
ˆ ˆ, , , 1 exp tan   1 2
m
k x xf x m
a a
λ λμ σ γ β υ
σ
−
−
 
− −    
= + − >           
            (10) 
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 where ˆ xx μ
σ
−
= , whereas 
( )
( )
1
2
0 2 1
2
2 2
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2 1
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2 1
1 2
a
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c m
c c c
b b
a
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m c
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=
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=
+
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=
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( )
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2
1
2 1
0
2
1
2 1
2
2 1
4 3
3
2 3 6
10 12 18
c
D
c
D
c
D
D
β γ
β β
γ β
γ β β
β β
=
−
=
⋅ +
=
⋅ − −
=
= − −
            (11) 
In Eq. (11) m, ν, a, and λ are real-valued parameters, and x−∞ < < ∞ . k is a normalization constant 
that depends on m, ν, a, and can be expressed by: 
    
( )( )
( )
22 1
1 1,2 2
m i
m
k
a m
ν
β
Γ + ⋅
Γ
=  
⋅ −  
               (12) 
Here, ( )mΓ  is the gamma function defined as ( ) 10 t mm e t dt
∞
− −Γ =   and ( ),z wβ  is the beta function 
defined as ( ) ( ) ( )( ) ( ) ( )( )
1 11
0
, 1 wz z wz w t t dt
z w
β −− Γ Γ= ⋅ − =
Γ +  [54]. Such computations have been 
performed within a parallel processing framework, which has been designed and implemented for 
accelerating algorithms computation [55, 56]. 
 
III. STATISTICAL SWITCHING IN PERPENDICULAR STT-MRAM 
In the rest of the work, we will focus on the P→AP switching process (positive current densities 
applied), while qualitative similar results are valid for AP→P switching. Fig. 1(a) shows a 
comparison between the ,s P APt →  as a function of the current density (critical current density JCrit=2.7 
MA/cm2 to achieve a fast switching process, where the switching time is shorter than about 10 ns) 
as computed from micromagnetic simulations (solid blue curve with circles) and Eq. (6) (solid red 
curve) for T=0 K. The good agreement is achieved because, without thermal fluctuations, the 
switching process in the full micromagnetic framework can be well described by the macrospin 
approximation (see Fig. 1(b) for an example of the switching trajectory of the normalized 
magnetization <m> at JMTJ=5.0 MA/cm2). 
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FIG. 1: (a) Switching time as a function of the current density obtained from the analytical (red line) and micromagnetic 
computations (blue line with circles) at T=0 K. (b) Switching trajectory obtained from micromagnetic simulations at 
JMTJ=5.0 MA/cm2 with some representative magnetization snapshots displayed as insets (red positive, blue negative out-
of-plane component of the magnetization). 
 
Figs. 2 (a-c) and (d-f) report the PDFs and the cumulative distribution functions (CDFs) of the 
switching time ,s P APt →  for three current densities (a) JMTJ=3 MA/cm2, (b) JMTJ=6 MA/cm2, and (c) 
JMTJ=10 MA/cm2 as predicted from the analytical theory (red lines), computed from micromagnetic 
simulations (blue symbols in Figs. 2(a-c), blue lines in Figs. 2(d-f)) and from the fitting with the 
p4PDF (solid black lines) and the skew normal (solid green lines). Similar simulations at T=0 K and 
T=300 K have been performed by including the perpendicular torque contribution ( )( )q V × Pm m  
into Eq. (1), with ( )q V  being the voltage dependent parameter [40,57,58,59] (see Appendix A). No 
significant changes were observed on mean switching time and STD, as well as on the CDFs, 
leading to the conclusion that the perpendicular torque contribution is negligible. 
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FIG. 2: Probability distribution function computed by means of analytical model, micromagnetic simulations (blue 
circles obtained from the histogram of simulations), Pearson (p4PDF) and skew normal approximation using 
simulations data at room temperature for (a) JMTJ=3 MA/cm2, (b) JMTJ=6 MA/cm2, (c) JMTJ=10 MA/cm2. Cumulative 
distribution function computed by means of analytical model (solid red line), empirical CDF using micromagnetic 
simulations (solid blue line), Skew normal CDF (solid green line) and Pearson CDF (solid black line) using simulations 
data at room temperature for (d) JMTJ=3 MA/cm2, (e) JMTJ=6 MA/cm2, (f) JMTJ=10 MA/cm2. 
 
Previous measurements [19] have shown that PDFs of switching process (10.000 realizations) in in-
plane MTJ with elliptical cross section (50x150nm2) are well approximated by a skew normal 
distribution. However, here we find that also the kurtosis (p4PDF) has to be taken into account to 
have a good approximation of the micromagnetic PDF (we focused on fast switching processes 
where the ,s P APt →  is shorter than 10ns). In other words, for the whole current region, the p4PDF 
reproduces the micromagnetic data with a significant improvement in terms of error over the skew 
normal distribution. In this concern, we perform a quantitative analysis of the cumulative quadratic 
error CQerr computed from the following expressions: 
  ( ) ( ) ( )1 2,
1
ˆ ( , ) ( , ) , 1
N
err ei j
i
CQ t F i j i j j i
−
=
= Δ ⋅ Δ − ΔΨ = +              (13) 
where ˆ ˆ ˆ( , ) ( ) ( )e e j e iF i j F t F tΔ = − , and  
 
1 1
1 1ˆ ( ) 1     :  
s
N N
e s xi t i sxi
i i
F t number of elements x t t
N N≤
= =
= = ≤   
with ( , )i jΔΨ  defined as  
  ( , ) ( ) ( )i j j iΔΨ = Ψ − Ψ , 
 
   
 
Normal CDF
where Skew normal CDF
Pearson CDF
  Ψ    
            (14) 
where eˆF  is the empirical CDF of the available simulation data (N realizations), ts is the switching 
time ( ,s P APt →  for Fig. 3) as extracted from simulations, and Ψ  represents a given CDF among the 
ones as shown in the same expression. 
Fig. 3 reports the CQerr as a function of the current density JMTJ as extracted from Normal (red line 
with dots), Skew Normal (green line with circles) and Pearson (black line with triangles) CDFs, 
respectively. The largest error is given by the Normal CDF because the data do not exhibit a 
Gaussian-like shape. The skew normal CDF [19] reduces the CQerr by one order of magnitude 
whereas the Pearson CDF (that accounts for both skewness and kurtosis) provides a CQerr at least 
two orders of magnitude smaller than the one of the Normal distribution over the whole range of 
current values. 
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FIG. 3: Cumulative quadratic error CQerr as a function of the current density JMTJ as extracted from Normal CDF (red 
line with squares), Skew Normal CDF (green line with circles) and Pearson CDF (black line with triangles). 
 
This result has the following implication for the modeling of the switching process in STT-MRAM. 
When the PDF associated to a given scenario has a non-trivial statistical behavior, the traditional 
approaches based on Gaussian approximation [60] or recent Skew normal distribution 
generalization [19] cannot be sufficiently accurate and then to this end, the application of Pearson 
distribution family is necessary to attain a better accuracy. This achievement is important to take 
into account for hybrid CMOS-STT-MRAM simulation environments. 
Figs. 2 (a-c) and (d-f) also show the analytical PDFs and CDFs, respectively. In particular, it can be 
observed that the analytical results are close to the micromagnetic ones at moderate and large 
current densities, consistently with the assumptions made in section II(b). 
Fig. 4 summarizes the four statistical moments of the switching time ((a) mean, (b) STD, (c) 
skewness and (d) kurtosis) as a function of the current density. 
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FIG. 4: (a) Switching time as a function of the current density obtained from the analytical (red line) and micromagnetic 
computations (blue line with circles) at T=300 K. (b) Standard deviation, (c) skewness and (d) kurtosis as a function of 
the current density JMTJ as computed by using analytical (red squares) and micromagnetic model (blue circles), 
respectively. 
 
A comparison between the ,s P APt →  and the STD (Fig. 4(a-b)) shows a disagreement at current below 
5.0 MA/cm2. On the other hand, skewness and kurtosis (Fig. 4 (c-d)), exhibit both a quantitative and 
qualitative difference in the whole range of current. 
In order to understand the differences between analytical and micromagnetic results, we have 
checked all the hypothesis of the analytical model within the full micromagnetic scenario. We have 
started from the approximation sinθ ≈ θ used in Eq. (3). Fig. 5(a) represents the cone of the 
magnetization distribution for the P state, the maximum angle of 15.48° gives rise to an error 
smaller than 5%. Therefore, this hypothesis is valid also within the micromagnetic framework. 
The analytical model neglects the stochastic thermal fluctuations during the switching process 
(hypothesis (iii)), entailing that, once the random initial state (IS) of the magnetization is known, 
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then the switching time can be deterministically calculated. With this in mind, within our 
micromagnetic framework, we have performed simulations considering a fixed IS as well as the 
stochastic thermal contribution during the switching mechanism. Fig. 5(b) shows the p4PDF for 
three current densities (JMTJ=3, 6, and 10 MA/cm2). As the current increases, the p4PDF becomes 
sharper, i.e. the STD decreases, leading to a more deterministic switching process. Our results 
showing that this hypothesis is valid for currents well above the critical switching current 
(>1.5JCrit), are also in agreement with previous experiments [61] and numerical studies 
[62,63,64,65]. We conclude that this is the reason why the first and second order analytical 
moments fit well at high currents.  
We have also checked the hypothesis of macrospin approximation during the switching. Fig. 5(c) 
illustrates the uniformity degree (UD) as computed during the switching process at zero and room 
temperature [66]: 
( ) ( ) ( )22 22 2 21 3x x y y z z
m m m m m m
UD
− + − + −
= −                       (15) 
where im  is the normalized magnetization (i=x,y,z) averaged over all the free layer cells. As 
mentioned above, at zero temperature, the switching dynamics can be approximated within a 
macrospin model ( 1UD ≈ ), whereas, the stochastic thermal fluctuations at room temperature lead to 
a less uniform switching mechanism (UD  drops to less than 0.80). We conclude that this aspect 
influences the high order statistical moments of the PDF and gives rise to the difference in the 
skewness and kurtosis between analytical and micromagnetic results in the whole range of current. 
The macrospin approximation is no longer valid if the interfacial Dzyaloshinskii–Moriya interaction 
is taken into account (see Appendix B). 
 
 
FIG. 5: (a) Deviation cone angle calculated from the initial random distribution of the magnetization at room 
temperature and JMTJ=0 MA/cm2. (b) p4PDF calculated at room temperature for JMTJ=3 MA/cm2 (dash-dot line), JMTJ=6 
MA/cm2 (dot line), and JMTJ=10 MA/cm2 (solid line), when the initial configuration is the uniform magnetization state 
and the stochastic thermal fluctuations are considered only during the switching process. (c) Uniformity degree (UD) as 
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a function of the current density at zero (green line with squares) and room temperature T=300 K (magenta line with 
circles). 
 
IV. CONCLUSIONS 
In this paper, the STT switching distribution in a circular MTJ cell has been studied by 
characterizing the statistical properties of switching PDF and CDF by means of extensive numerical 
simulations (1000 iterations). We have found that Pearson Type IV PDF fits well the statistics of 
the switching process as computed from micromagnetic simulations. In addition, an analytical 
model that correctly describes the switching distribution for current regimes higher than 1.5JCrit has 
been developed. We tested the validity range of the analytical model by numerical simulations and 
we concluded that a micromagnetic model approach is necessary to predict skewness and kurtosis at 
both low and high current regimes. On the other hand, for current values larger 1.5 times than the 
threshold one, the macrospin approach is sufficient to describe the mean and standard deviation of 
the numerical PDF. In conclusion, our work underlines the need of data-driven design of STT-
MRAM cells based on combined analytical and full micromagnetic approaches, highlighting the 
physical aspects related to these kind of phenomena, and providing physical results useful for 
engineers. 
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APPENDIX A: Effect of the field like torque 
We performed numerical simulations by including the field like torque contribution. Eq. (1) of the 
main text now reads [67]: 
[ ]( )1 p q Vc
β
α
τ τ
 ∂ ∂ 
= − × − − × − + ∂ ∂ + ⋅  eff P P thP
m mm h m m m hm m    
(A1) 
where we consider 2( )q V aV= , with a  being the parameter linking the field like torque to the 
voltage square 2V , and can be identified from experimental measurements [40,57,58]. We are 
taking into account only the term proportional to the square voltage because we are focusing on a 
symmetric system [59], while the term linear with V is significant in the case of an asymmetric MTJ 
[57]. As experimental determined in Ref. [40], we have considered a variation of the field like 
torque from 0 to 25% of the damping torque. Fig. A1 shows the switching times (T=0 K) as a 
function of the current density JMTJ for different values of the field like torque (P->AP switching). 
As can be observed, a negligible variation of the switching time on ( )q V  is obtained.  
 
FIG. A1: Switching time as a function of the current density for different values of the voltage dependent parameter 
( )q V . 
 
The second part of our test is based on running simulations at room temperature (T=300 K, 1000 
iterations) for two different current density values (JMTJ=3.0 MA/cm2 that is near the threshold, and 
JMTJ=10.0 MA/cm2), and for three values of ( )q V  equal to 0.10 and 0.25 (the value ( ) 0.0q V =  has 
been already considered in the main text of the manuscript). The results are summarized in Figs. 
A2(a) and (b) that show the cumulative switching probability for (a) JMTJ=3.0 MA/cm2 and (b) 10.0 
MA/cm2, respectively. In A2(c) and A2(d), we show the percentage difference for the four 
statistical moments computed as 0
0 , , ,
s ( ) s ( )
s ( )
q
i mean std skewness kurtosis
i i
percentage
i
=
−
= , where s ( )q i  and 0s ( )i  
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are the statistical moments calculated for a finite q(V) and q(V)=0.0, respectively. Our results 
indicate that there is no qualitative change in presence of field-like torque and that the Pearson PDF 
function should be still used to achieve a cumulative quadratic error 310errCQ −≈  (see Eqs. (13) and 
(14) of the main text). In other words, the Pearson PDF gives the best fitting even in presence of the 
field like torque contribution, thus no qualitative differences are introduced in the PDFs in presence 
of the field-like torque. 
 
FIG. A2: Cumulative switching probability for different values of the perpendicular torque for (a) JMTJ=3.0 MA/cm2 and 
(b) JMTJ=10.0 MA/cm2. Percentage difference of the mean switching time, STD, skewness, and kurtosis with and 
without q(V) for current density (c) JMTJ=3.0 MA/cm2 and (d) JMTJ=10.0 MA/cm2. 
16 
 
References 
                                                 
[1] J. C. Slonczewski, Current-driven excitation of magnetic multilayers, J. Magn. Magn. Mater. 159, L1-L7 (1996). 
[2] L. Berger, Emission of spin waves by a magnetic multilayer traversed by a current, Phys. Rev. B 54, 9353-9358, 
(1996). 
[3] E. B. Myers, D. C. Ralph, J. A. Katine, R. N. Louie, and R. A. Buhrman, Current-Induced Switching of Domains in 
Magnetic Multilayer Devices, Science 285, 867-870 (1999). 
[4] J. Z. Sun, Current-driven magnetic switching in manganite trilayer junctions, J. Magn. Magn. Mater. 202, 157-162 
(1999). 
[5] I. M. Miron, K. Garello, G. Gaudin, P-J. Zermatten, M. V. Costache, S. Auffret, S. Bandiera, B. Rodmacq, A. 
Schuhl, and P. Gambardella, Perpendicular switching of a single ferromagnetic layer induced by in-plane current 
injection, Nature 476, 189-193 (2011). 
[6] L. Liu, C-F. Pai, Y. Li, H. W. Tseng, D. C. Ralph, R. A. Buhrman, Spin-Torque Switching with the Giant Spin Hall 
Effect of Tantalum, Science 336, 555 (2012). 
[7] L. Liu, O. J. Lee, T. J. Gudmundsen, D. C. Ralph, and R. A. Buhrman, Current-Induced Switching of 
Perpendicularly Magnetized Magnetic Layers Using Spin Torque from the Spin Hall Effect, Phys. Rev. Lett. 109, 
096602 (2012). 
[8] G. Finocchio, M. Carpentieri, E. Martinez, and B. Azzerboni, Switching of a single ferromagnetic layer driven by 
spin Hall effect, Appl. Phys. Lett. 102, 212410 (2013). 
[9] Q. Hao, G. Xiao, Giant Spin Hall Effect and Switching Induced by Spin-Transfer Torque in a W/Co40Fe40B20/MgO 
Structure with Perpendicular Magnetic Anisotropy, Phys. Rev. Appl. D 3, 034009 (2015). 
[10] T. Taniguchi, J. Grollier, M. D. Stiles, Spin-Transfer Torques Generated by the Anomalous Hall Effect and 
Anisotropic Magnetoresistance, Phys. Rev. Appl. D 3, 044001 (2015). 
[11] Janusz J. Nowak, Ray P. Robertazzi, Jonathan Z. Sun, Guohan Hu, Jeong-Heon Park, JungHyuk Lee, Anthony J. 
Annunziata, Gen P. Lauer, Raman Kothandaraman, Eugene J. O’Sullivan, Philip L. Trouilloud, Younghyun Kim, 
and Daniel C. Worledge, Dependence of Voltage and Size on Write Error Rates in Spin-Transfer Torque Magnetic 
Random-Access Memory, IEEE Magn. Lett. 7, 3102604, (2016). 
[12] E. Liu, J. Swerts, S. Couet, S. Mertens, Y. Tomczak, T. Lin, V. Spampinato, A. Franquet, S. Van Elshocht, G. Kar, 
A. Furnemont1 and J. De Boeck, [Co/Ni]-CoFeB hybrid free layer stack materials for high density magnetic random 
access memory applications, Appl. Phys. Lett. 108, 132405-1-4, (2016). 
[13] B. Dieny, R. C. Sousa, J. Herault, C. Papusoi, G. Prenat, U. Ebels, D. Houssameddine, B. Rodmacq, S. Auffret, L. 
D. Buda-Prejbeanu, M. C. Cyrille, B. Delaet, O. Redon, C. Ducruet, J-P. Nozieres, I. L. Prejbeanu, Spin-transfer 
effect and its use in spintronic components, Int. J. Nanotechnol. 7, 591–614 (2010). 
[14] S. Ikeda, K. Miura, H. Yamamoto, K. Mizunuma, H. D. Gan, M. Endo, S. Kanai, J. Hayakawa, F. Matsukura and 
H. Ohno, A perpendicular-anisotropy CoFeB–MgO magnetic tunnel junction, Nat. Mat. 9, 721 (2010). 
[15] S. Mangin, Y. Henry, D. Ravelosona, J. A. Katine and E. E. Fullerton, Reducing the critical current for spin-
transfer switching of perpendicularly magnetized nanomagnets, App. Phys. Lett. 94, 012502 (2009). 
[16] W. Guo, G. Prenat, V. Javerliac, M. El Baraji, N. de Mestier, C. Baraduc, B. Diény, SPICE modelling of magnetic 
tunnel junctions written by spin-transfer torque,  Jour. Phys. D: Appl. Phys. 43,  215001 (2010). 
[17] G. D. Panagopoulos, C. Augustine, K. Roy, Physics-based SPICE compatible compact model for simulating hybrid 
MTJ/CMOS circuits, IEEE Trans. on Electr. Dev. 60, 2808–2814 (2013). 
[18] R. H. Koch, J. A. Katine, and J. Z. Sun, Time-Resolved Reversal of Spin-Transfer Switching in a Nanomagnet, 
Phys. Rev. Lett. 92, 088302 (2004). 
[19] H. Zhao, Y. Zhang, P. K. Amiri, J. A. Katine, J. Langer, H. Jiang, I. N. Krivorotov, K. L.Wang, and J.-P. Wang, 
Spin-Torque Driven Switching Probability Density Function Asymmetry, IEEE Trans. Magn. 48, 3818-3820 (2012). 
[20] H. Lim, S. Lee, H. Shin, Unified Analytical Model for Switching Behavior of Magnetic Tunnel Junction, IEEE 
Electr. Device L. 35(2), 193-195 (2014). 
[21] A. Hoffmann, S. D. Bader, Opportunities at the Frontiers of Spintronics, Phys. Rev. Appl. D 4, 047001 (2015). 
[22] S. Lee, H. Lee, S. Kim, S. Lee, H. Shin, A novel macro model for spin-transfer-torque based magnetic-tunnel-
junction elements, Solid-State Electronics 54, 497–503 (2010). 
[23] W. Zhao, J. Duval, J.-O. Klein, C. Chappert, A compact model for magnetic tunnel junction (MTJ) switched by 
thermally assisted spin transfer torque (TAS + STT), Nanoscale Res. Lett. 6, 1–4 (2011). 
[24] Y. Zhang, W. Zhao, Y. Lakys, J.-O. Klein, J.-V. Kim, D. Ravelosona, C. Chappert, Compact Modeling of 
Perpendicular-Anisotropy CoFeB/MgO Magnetic Tunnel Junctions, IEEE Trans. on Elect. Dev. 59, 819–826 
(2012). 
[25] Y. Zhang, W. Zhao, G. Prenat, T. Devolder, J.-O. Klein, C. Chappert, B. Dieny, D. Ravelosona, Electrical 
Modeling of Stochastic Spin Transfer Torque Writing in Magnetic Tunnel Junctions for Memory and Logic 
Applications IEEE Trans. Magn. 49, 4375–4378 (2013). 
17 
 
                                                                                                                                                                  
[26] J. Miltat, G. Albuquerque, A. Thiaville, and C. Vouille, Spin transfer into an inhomogeneous magnetization 
distribution, Jour. Appl. Phys. 89, 6982–6984 (2001). 
[27] M. Carpentieri, G. Finocchio, B. Azzerboni, L. Torres, L. Lopez-Diaz, E. Martinez, Effect of the Classical Ampere 
Field in Micromagnetic computations of Spin Polarized Current-Driven Magnetization Processes, Jour. Appl. 
Phys. 97, 10C713 (2005). 
[28] D. P. Bernstein, B. Bräuer, R. Kukreja, J. Stöhr, T. Hauet, J. Cucchiara, S. Mangin, J. A. Katine, T. Tyliszczak, K. 
W. Chou, Y. Acremann, Nonuniform switching of the perpendicular magnetization in a spin-torque-driven 
magnetic nanopillar, Phys. Rev. B 83, 180410 (2011). 
[29] R. Tomasello, V. Puliafito, B. Azzerboni, G. Finocchio, Switching Properties in Magnetic Tunnel Junctions With 
Interfacial Perpendicular Anisotropy: Micromagnetic Study, IEEE Trans. Magn. 50, 7100305 (2014). 
[30] A. Giordano, G. Finocchio, L. Torres, M. Carpentieri, and B. Azzerboni, Semi-implicit integration scheme for 
Landau–Lifshitz–Gilbert-Slonczewski equation, J. Appl. Phys. 111, 07D112 (2012). 
[31] G. Siracusano, R. Tomasello, A. Giordano, V. Puliafito, B. Azzerboni, O. Ozatay, M. Carpentieri, G. Finocchio, 
Magnetic radial vortex stabilization and efficient manipulation driven by Dzyaloshinskii–Moriya Interaction and 
spin-transfer torque, Phys. Rev. Lett. 117, 087204 (2016). 
[32] A. Giordano, R. Verba, R. Zivieri, A. Laudani, V. Puliafito, G. Gubbiotti, R. Tomasello, G. Siracusano, B. 
Azzerboni, M. Carpentieri, A. Slavin and G. Finocchio, Spin-Hall nano-oscillator with oblique magnetization and 
Dzyaloshinskii-Moriya interaction as generator of skyrmions and nonreciprocal spin-waves, Sci. Rep. 6, 36020 
(2016). 
[33] C. Serpico, G. Bertotti, I.D.Mayergoyz, M. d'Aquino, R. Bonin, Thermal stability in spin-torque-driven 
magnetization dynamics, J. Appl. Phys. 99, 08G505 (2006). 
[34] W. F. Brown, Thermal Fluctuations of a Single-Domain Particle, Phys. Rev. 130, 1677 (1963). 
[35] G. Finocchio, I. N. Krivorotov, X. Cheng, L. Torres, and B. Azzerboni, Micromagnetic understanding of stochastic 
resonance driven by spin-transfer-torque, Phys. Rev. B 83, 134402 (2011). 
[36] C. S. Ragusa, M. d'Aquino, C. Serpico, B. Xie, M. Repetto, G. Bertotti, D. P. Ansalone, Full micromagnetic 
numerical simulations of thermal fluctuations, IEEE Trans. Magn. 45, 3919-3922 (2009). 
[37] C. Serpico, M. d’Aquino, G. Bertotti, I. D. Mayergoyz, Analytical approach to current-driven self-oscillations in 
Landau-Lifshitz-Gilbert dynamics, Jour. Magn. Magn. Mater. 290-291, 502-505 (2005). 
[38] R. Bonin, C. Serpico, G. Bertotti, I. D. Mayergoyz, M. d’Aquino, Analytical study of magnetization dynamics 
driven by spin-polarized currents, Eur. Phys. J. B 59, 435-445 (2007). 
[39] J. C. Slonczewski, Currents, torques, and polarization factors in magnetic tunnel junctions, Phys. Rev. B 71, 
024411 (2005); J. C. Slonczewski, and J. Z. Sun, Theory of voltage-driven current and torque in magnetic tunnel 
junctions, Jour. Magn. Magn. Mater. 310, 169 (2007). 
[40] J. C. Sankey, Y.-T. Cui, J. Z. Sun, J. C. Slonczewski, R. A. Buhrman, and D. C. Ralph, Measurement of the spin-
transfer-torque vector in magnetic tunnel junctions, Nat. Phys. 4, 67 (2008). 
[41] S. Noriyuki, R. M. White and S. X. Wang, Effect of annealing on exchange stiffness of ultrathin CoFeB film with 
perpendicular magnetic anisotropy, Appl. Phys. Lett. 108, 152405 (2016)  
[42] G. Bertotti, C Serpico, I. D. Mayergoyz, R. Bonin, M. d’Aquino, Current-induced magnetization dynamics in 
nanomagnets, Jour. Magn. Magn. Mat. 316, 285-290 (2007). 
[43] J. Z. Sun, Spin-current interaction with a monodomain magnetic body: A model study, Phys Rev B 62, 570 (2000). 
[44] J. Z. Sun, T. S. Kuan, J. A. Katine, R. H. Koch, Spin angular momentum transfer in a current-perpendicular spin-
valve nanomagnet, Proc. of SPIE 5359, 445 (2004). 
[45] C. Serpico, G. Bertotti, R. Bonin, I. D. Mayergoyz, M. d’Aquino, Power spectrum of current-induced 
magnetization dynamics in uniaxial nanomagnets, Jour. Appl. Phys. 101, 09A507 (2007). 
[46] C. Serpico, S. Perna, G. Bertotti, M. d'Aquino, A. Quercia, I. D. Mayergoyz, Noise-induced bifurcations in 
magnetization dynamics of uniaxial nanomagnets, Jour. Appl. Phys. 117, 17A709 (2015). 
[47] K. Pearson, Contributions to the Mathematical Theory of Evolution.—II. Skew Variation in Homogeneous 
Material, Philos. T. Roy. Soc. A, 186, 343–414 (1895). 
[48] K. Pearson, Mathematical Contributions to the Theory of Evolution.—X. Supplement to a Memoir on Skew 
Variation, Philos. T. Roy. Soc. A, 197, 287-299 (1901). 
[49] K. Pearson, Mathematical Contributions to the Theory of Evolution. XIX. Second Supplement to a Memoir on 
Skew Variation, Philos. T. Roy. Soc. A, 216, 429-457 (1916). 
[50] Y. Nagahara, The PDF and CF of Pearson type IV distributions and the ML estimation of the parameters, Stat. 
Probabil. Lett. 43, 251-264, (1999). 
[51] H. Jeffreys, Theory of Probability, 3rd ed., (Oxford University Press, Oxford, ISBN 0-19-850368-7, (1961). 
[52] J. Heinrich, A guide to the Pearson type IV distribution. Technical report, University of Pennsylvania, (2004). 
[53] R. Willing, A Closed-Form Expression for the Pearson Type IV Distribution Function, Aust. NZ. J. Stat. 50 (2) 
199–205 (2008). 
[54] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark, NIST Handbook of Mathematical Functions, Cambridge 
University Press, ISBN 978-0521192255, (2010). 
18 
 
                                                                                                                                                                  
[55] G. Siracusano, F. Lamonaca, R. Tomasello, F. Garescì, A. La Corte, D. L. Carnì, M. Carpentieri, D. Grimaldi, G. 
Finocchio, A framework for the damage evaluation of acoustic emission signals through Hilbert-Huang transform, 
Mech. Syst. Sig. Pr. 75, 109-122, (2016). 
[56] G. Siracusano, A. La Corte, V. Puliafito, G. Finocchio, A generalized tool for accurate time-domain separation of 
excited modes in spin-torque oscillators, J. Appl. Phys. 115, 17D108, (2014). 
[57] S.-C. Oh, S.-Y. Park, A. Manchon, M. Chshiev, J.-H. Han, H.-W. Lee, J.-E. Lee, K.-T. Nam, Y. Jo, Y.-C. Kong, B. 
Dieny, K.-J. Lee, Bias-voltage dependence of perpendicular spin-transfer torque in asymmetric MgO-based 
magnetic tunnel junctions, Nat. Phys. 5, 898 (2009). 
[58] C. Wang, Y.-T. Cui, J. A. Katine, R. A. Buhrman, D. C. Ralph, Time-resolved measurement of spin-transfer-driven 
ferromagnetic resonance and spin torque in magnetic tunnel junctions, Nat. Phys. 7, 496 (2011). 
[59] H. Kubota, A. Fukushima, K. Yakushiji, T. Nagahama, S. Yuasa, K. Ando, H. Maehara, Y. Nagamine, K. 
Tsunekawa, D. D. Djayaprawira, N. Watanabe, and Y. Suzuki, Quantitative measurement of voltage dependence 
of spin-transfer torque in MgO-based magnetic tunnel junctions, Nat. Phys. 4, 37 (2008). 
[60] J. C. Leutenantsmeyer, V. Zbarsky, S. Wittrock, M. von der Ehe, P. Peretzki, H. Schuhmann, A. Thomas, K. Rott, 
G. Reiss, T. H. Kim, M. Seibt, M. Münzenberg, Spin-Transfer Torque Switching at Ultra Low Current Densities, 
Mat Trans, 56, 1323-1326, (2015). 
[61] D. Bedau, H. Liu, J. Z. Sun, J. A. Katine, E. E. Fullerton, S. Mangin and A. D. Kent, Spin-transfer pulse switching: 
From the dynamic to the thermally activated regime, Appl. Phys. Lett. 97, 262502 (2010). 
[62] J. He, J. Z. Sun, S. Zhang, Switching speed distribution of spin-torque-induced magnetic reversal, Jour. Appl. 
Phys. 101, 09A501 (2007). 
[63] W. H. Butler, T. Mewes, C. K. A. Mewes, P. B. Visscher, W. H. Rippard, S. E. Russek, R. Heindl, Switching 
Distributions for Perpendicular Spin-Torque Devices Within the Macrospin Approximation, IEEE Trans. Magn. 48, 
4684-4700 (2012). 
[64] A. V. Khvalkovskiy, D. Apalkov, S. Watts, R. Chepulskii, R. S. Beach, A. Ong, X. Tang, A. Driskill-Smith, W. H. 
Butler, P. B. Visscher, D. Lottis, E. Chen, V. Nikitin, and M. Krounbi, Erratum: Basic principles of STT-MRAM 
cell operation in memory arrays, J. Phys. D: Appl. Phys. 46, 139601 (2013). 
[65] H. Liu, D. Bedau, J. Z. Sun, S. Mangin, E. E. Fullerton, J. A. Katine, A. D. Kent, Dynamics of spin torque 
switching in all-perpendicular spin valve nanopillars, Jour. Magn. Magn. Mat. 358-359, 233-258 (2014). 
[66] M. Carpentieri, L. Torres, E. Martinez, Effective Damping Contribution From Micromagnetic Modeling in a Spin-
Transfer-Driven Ferromagnetic Resonance, IEEE Trans. Nano. 8, 477-481, (2009). 
[67] M. Carpentieri, E. Martinez, G. Finocchio, High frequency spin-torque-oscillators with reduced perpendicular 
torque effect based on asymmetric vortex polarizer, J. Appl. Phys. 110, 093911 (2011). 
